Owning to the unique property of generating pure bending deformation, flexoelectric curvature actuators hold promise for various future applications, especially in the micro and nano scales. This paper proposes three models to predict the deformation of one-dimensional isotropic beams under the excitation of flexoelectric curvature actuators, including the pin-moment model, the pin-force-moment model and Euler-Bernoulli model. The pin-moment model represents the simplest model by only considering the moments interaction between the actuators and the beam at both ends, while the pin-force-moment model incorporate both the force and moment interactions. His research fields include the fundamental study of flexoelectricity and its various sensing applications, especially for structural health monitoring, piezoelectric sensors and actuators, ultrasound transducers for medical imaging and non-destructive testing applications, and micro and nano electromechanical integrated systems. He has authored and co-authored more than 20 peer-reviewed journal papers and two book chapters in related fields.
Introduction
The flexoeletric effect refers to the generation of electric polarisation under a mechanical strain bending moment (direct flexoeletric effect) (Kogan, 1964) or bending under an electric field (converse flexoeletric effect) (Bursian and Trunov, 1974; Rumyantseva and Zalesskii, 2016) , which has drawn numerous research interests attributed to its promising sensing and actuating applications, particularly in micro and nano scales Yudin and Tagantsev, 2013) . With the structure being scaled down, the flexoelectricity-induced polarisation can be significantly increased due to the scale effect of strain gradient, thus exhibiting higher sensitivity compared to their piezoelectric counterparts (Huang et al., 2011; Majdoub et al., 2008) . In addition, different from the piezoelectricity which only exists in non-centrosymmetric materials, flexoelectricity exhibits in all dielectrics including the centrosymmetric symmetry groups in theory, thus greatly broadening the materials choice for various applications. Resulting from the direct flexoelectric effect and the scaling effect of the mechanical gradient, flexoelectricity provides another potential avenue for sensing application. Yan et al. (2013) and co-workers developed a direct curvature measurement sensor by using Ba 0.64 Sr 0.36 TiO 3 (BST) material. A flexoelectric torque sensor based on un-polarised polyvinylidene fluoride (PVDF) that does not require external electric power excitation was proposed by Zhang et al. (2015) . Huang et al. (2013) reported a new accelerometer using a flexoelectric BST cantilever structure. Furthermore, a new method for direct measurement of mode-I stress intensify factor of cracks using flexoelectric strain gradient sensors was studied by Huang et al. (2014) . Kwon et al. (2013) proposed a multilayered structure using flexoeletric BST ceramic to enhance the effective flexoeletric coefficients using the inherent scale effect, thus to improve the flexoelectric sensitivity. Due to the unique property of flexoelectric effect, more and more novel sensing techniques are developed and applied practically.
The converse effect of flexoelectricity defines a linear relationship between the electric field with strain gradient. This effect can be adopted as a new mechanism for actuation. In contrast to the conventional induced-strain actuators like piezoelectric wafers (Dosch et al., 1992; Goldfarb and Celanovic, 1997; Zhang et al., 2009; Ajitsaria et al., 2007) , flexoelectric actuators can generate mechanical moment directly. However, to date, flexoelectric actuators have rarely been reported. Recently, Bhaskar et al. (2016) and co-workers demonstrated that flexoelectricty can be a viable route to the lead-free microelectromechanical (MEMS) and nanoelectromechanical (NEMS) systems, and they had fabricated a silicon-compatible thin-film cantilever actuator with a single flexoelectrical active layer of strontium titanate. Koirala and Marks (2015) reported a direct observation of flexoelectric bending in three lanthanide scandates within a transmission electron microscope. Simultaneously, a theoretical model is lacking to predict the actuating performance of flexoelectric actuators, yet a series of models are developed to predict the deformation of the composite structure attached with piezoelectric actuators, such as pin-force model (Crawley and De Luis, 1987) , Euler-Bernoulli model (Crawley and Anderson, 1990) , bending and torsion models (Park et al., 1994) , etc. A similar model is essential to provide the theoretical guideline for designing flexoelectric actuators for various future applications, including MEMS/NEMS, structure health monitoring, medical ultrasonic transducers, etc. Therefore the analysis of the interaction between the actuator and the substrate is important for exploring the load transfer mechanism of the mechanical stimulus.
In this paper, a simple pin-moment and a pin-force-moment model are proposed to predict the induced curvature of the substrate beam under the excitation of a flexoelectric patch attached on the surface. The models are further extended to analyse the symmetric case with flexoelectric patches attached on both sides of the beam. The results from the proposed models are compared with the Euler-Bernoulli model and verified by the finite element analysis. A good agreement was found between the pin-force-moment model results with that from both the Euler-Bernoulli model and the finite element method. This indicates that the pin-force-moment is a simple and accurate model for predicting the actuating performance of the flexoelectric actuators. The obtained results demonstrate that the pin-force-moment model possesses great significance and convenience to analyse the curvature actuation in the development of micro/nano flexoelectric actuators and transducers.
Bending model of flexoelectric/beam coupling
In this section, models for predicting the mechanical coupling between flexoelectric curvature actuators and the isotropic beam are presented. Both a single and a pair of actuator configurations are examined. We assume that no external forces or moments are applied to the system.
A flexoelectric actuator on a beam
Flexoelectric materials could generate a curvature under an electrical excitation. This mechanism enables them to be applicable for actuation purposes. Assume the curvature of a freestanding flexoelectric actuator is K. The actuator is attached to a beam, therefore the beam would bend together with the actuator. Strain in the beam and actuator can be given as
where ε(z) is the axial strain, ε 0 is the initial strain, z is a variable of the cross-sectional area height and κ is the bending curvature. 
Pin-moment model
A pin-moment model is proposed here to simplify the interaction between the actuator and beam. As shown in Figure 1 , only a pair of concentrated moments exists at both ends of the actuator. The curvatures in the actuator and beam are
where M is the bending moment, (EI) a and (EI) b are the moments of inertia of actuator and beam, κ a and κ b are the bending curvature of the actuator and beam, respectively. The curvature should be continuous, thus the equation (2) should be equal to the equation (3)
Solving the equation (4) yields the moment to be
Assuming an identical width of the beam and actuator, the induced curvature in the beam can be simplified as
The moments of inertia ratios (ζ) and thickness ratios (T) between the beam and the actuator are defined as
where h a , h b are the thickness of the actuator and beam, respectively. 
Pin-force-moment model
To satisfy the continuous strain boundary condition as well as the continuous curvature condition, a pin-force should exist at the interface, as shown in Figure 2 . Curvatures in the actuator and beam can be written as
where F is the pin-force at the end of the actuator. Strains at the interface have the following expressions 2 ( )
where ε a is the strain of the actuator at the bottom surface, ε b is the strain of the beam at the upper surface, and (EA) a , (EA) b are the cross-sectional area stiffness of the actuator and the beam, respectively. Since both the curvature and strain should be continuous, equations (7), (9) are equal to equations (8), (10) 
Euler-Bernoulli model
The assumed strain distribution follows the Euler-Bernoulli beam behaviour, which is linear and consistent through the entire cross sections of the beam, therefore an Euler-Bernoulli model can be derived for comparison. Force and moment equilibriums obtained by the integration over the cross section provide the governing equations
where EA is the total cross-sectional area stiffness, ES, EI are the first and second moments of inertia, respectively. P m , M m , P K , M K are the flexoelectricity induced and applied forces and moments, respectively. EA, ES, EI are given by
( 1 5 ) where E(z) represent the Young's modulus of the cross-sectional area, b(z) is the width of the cross-sectional area.
The flexoelectricity induced and applied forces and moments are
( 1 9 ) where σ(z) is the stress of the cross-sectional area, K(z) is the induced-curvature of the cross-sectional area. Hence z is the coordinate of the neutral plane, can be written as
With the same width of the isotropic rectangular beam and the actuator, the cross-sectional properties with respect to the coordinate of the neutral plane can be simplified as
The flexoelectricity induced forces and moments are By assuming the fixed Young's modulus ratio and width ratio between the beam and the actuator, the beam curvature can be normalised with the freestanding flexoelectric curvature and plotted as a function of the thickness ratio between the beam and actuator, as shown in Figure 3 . Figure 4 shows the normalisation of the pin-moment model and pin-force-moment model results with the Euler-Bernoulli model results. It can be observed that the pin-force-moment results coincide with that from the Euler-Bernoulli model, indicating that the pin-force-moment could accurately predict the beam deformation. On the other side, the pin-moment model results converge with the Euler-Bernoulli model and the pin-force-moment model results as the thickness ratio becomes large. However, when the thickness ratio is small, corresponding to a thick actuator scenario, the pin-moment model overestimates the performance of the actuator attached to the beam. For the simplified pin-moment model, only moment interaction between the actuator and the substrate is considered, without taking into account of the shear stress at the interface. Nevertheless, under the continuous curvature boundary condition and regardless of the strain consistence, the actuator and the beam would bend toward the same direction independently after being decoupled in the pin-moment model. Owing to the mismatch of the central plane of the actuator and the beam, the bottom surface of the actuator and the upper surface of the beam should exhibit a contraction and extension deformation, respectively. This definitely contradicts with the intuition and would result in the separation between the actuator and the beam. Therefore, in order to apply the continuum mechanical theory, both the strain and curvature continuity boundary conditions should be applied, corresponding to the pin-force-moment model proposed here.
A pair of flexoelectric actuators bonded on the opposite side of the beam
This section reveals linearly elastic static models for a pair of induced-curvature actuators which are attached on both sides of the beam. Based on the identical principle as the single actuator, the equilibrium equations for dual actuators depend on the relative directions of the applied voltages upon those two actuators. Under the same actuation direction, bending deformation can be generated in the beam. On the contrary, the opposite voltage actuation leads to none deformation in theory. Thereupon we assume the induce-curvatures of the upper and lower actuators to be K a1 , K a2 under the freestanding condition, respectively. 
Pin-moment model
As shown in Figure 5 , dual actuators are attached on the beam, the curvature of the actuators and beam are 
Assuming an identical width of the beam and actuator, the induced curvature in the beam can be derived as 
Pin-force-moment model
Under the consideration of the continuous strain boundary criteria, a pin-force should exist at the interface, as shown in Figure 6 . The curvatures of the actuators and beam can be expressed as
where F a1 is the pin-force at the end of the upper actuator, and F a2 is the pin-force at the end of lower actuator. Strains at the upper interface have the following expressions 1 1 1 2 ( )
where (EA) a , (EA) b are the total cross-sectional area stiffness of the actuators and beam, ε a1 , ε b1 are the strains at the bottom surface of the upper actuator and the upper surface of the beam, respectively. Strains at the lower interface can be written as 2 2
where ε a2 , ε b2 are the strains at the upper surface of the lower actuator and the bottom surface of the beam. Both the curvature and strain should be continuous, thus the curvature can be deduced as 1 2 2 6 12 8
Euler-Bernoulli model
On account of the assumed Euler-Bernoulli behaviour, equations of the deformation should be the same as those for the single actuator scenario. For an isotropic rectangular beam attached with paired actuators, the coordinate of the neutral axis, the total cross-sectional area stiffness and the bending stiffness can be written as 
EI E b h E b h E b t h h ( 4 6 )
By applying the continuous strain assumption, the induced curvature for the Euler-Bernoulli beam can be deduced as 1 2 2 6 12 8
Figure 7 Normalised curvature as a function of the beam thickness ratio for the flexoelectric actuators attach on dual sides (see online version for colours)
Suppose the Young's modulus ratio and width ratio between the beam and actuator are fixed. Figure 7 shows the bending curvature normalised with the flexoelectricity induced curvature at freestanding status. It can be obviously found that the pin-force-moment model can precisely predict the curvature of the beam. It can also be observed that the pin-moment model would overestimate the curvature of the beam compared with the results from Euler-Bernoulli model as the thickness ratio approaches zero. Figure 8 presents the pin-moment model and pin-force-moment model results which are normalised with the Euler-Bernoulli model results over a range of thickness ratios (h b / h a ). It can be observed that the pin-force-moment model could accurately predict the induced curvature of the beam. However, the pin-moment model exhibits relatively large derivation, particularly as the thickness ratio is below 4. It is apparently observed that the pin-moment model result is four times of the curvature predicted by the pin-force-moment model when the beam is in absence. This is caused by the ignorance of the interaction between two actuators as they bend together. The pin-moment model allows the exactly same deformation of two actuators, therefore the predicted curvature should be identical with the freestanding status. However, for the Euler-Bernoulli model, two actuators would bend as a whole system, leading to the shift of the central plane to the interface. Hence the total moment of inertial becomes eight times of that of a single actuator, and the total moment stimulus is double of that applied on a single actuator, thus the estimated curvature is a quarter of the pin-moment model results. On the other side, the pin-force-moment model encompasses the interaction effect of two actuators by taking into account of the shear stress between them, thus reaching a well match with the Bernoulli-Euler model results. As the beam thickness increases, more driving energy is spared on the beam and the gradually diminishing interaction effect leads to the convergence of the pin-moment results with those from the other two models. In summary, the pin-moment model is inaccurate to predict the total curvature when the thickness ratio between the beam and actuator is small, whereas the pin-force-moment model can precisely estimate the curvature of the beam with paired attached actuators. 
Finite element model verification
COMSOL multiphysics were used to establish a static finite element model (FEM) to simulate the stress, strain and curvature distributions in the composite structure. To simulate the flexoelectric effect, the model employed a thermal gradient to induce strain gradient in actuators which are patched on the single or both surfaces of the beam. Enlightened by the method of simulating the pure strain in the actuators using thermal expansion in the literature (Kim et al., 2016) , a thermal gradient field was adopted to generate the mechanical moment in COMSOL multiphysics. Specifically, a two dimensional steady state study was employed by setting the initial temperatures to be -16.85ºC at the bottom surfaces of the actuators, 63.15ºC at the upper surfaces the actuators, and 23.15ºC as the background temperature. The beam boundaries are thermally insulated, therefore a linear temperature distribution can be formed in the actuators at the final steady state, and no deformation occurs at the central plane, corresponding to a pure bending effect, while the temperature in the beam is constant. The thermal expansion coefficient of the beam was set as zero, thus only the actuator induced deformation is permitted. Figure 9 (a), 9(b) and 9(c) show the strain, stress and shear stress distributions in the actuator and beam, respectively. It can be observed that the beam and actuator bend together with the same curvature, same as what the theoretical model predicts. The deformation at the two ends has much higher magnitude than the central area, and this is because the ends of the actuator are stress free thus could deform easily under the flexoelectricity induced moment, as shown in Figure 9 (b). Curvature in the beam can be seen to be constant across the area covered by the actuator. It could also be observed that the upper part of the actuator is under compression while the lower part is in tension, and this is due to the constrain from the beam underneath. This could cause the reduction of the tensile and compressive deformations at the upper and lower halve of the actuator reduces compared with the freestanding case. Figure 9 (c) indicates that the shear stress mainly localised near the two ends of the actuator, and the distribution of it along the thickness direction leads to a moment to the neural plane, confirming the validity of the pin-force-moment model we proposed in this paper.
The strain, stress and shear stress distribution in the beam attached with dual actuators are presented in Figure 10 (a), 10(b) and 10(c), respectively. It can be observed that the whole system bend together with the same curvature except the ends of the actuators, which can be attributed to the stress free boundary conditions at two ends. According to Figure 10 (c), the concentrated shear force exists at the end region that can lead to larger deformation. Figure 11 (a) and 11(b) show the curvature of the beam attached with a single or dual actuators normalised with the freestanding induced-curvature. According to Figure 11 (a) and 11(b), the FEM model results are consistent with the pin-force-moment model and Euler-Bernoulli model results. Therefore the pin-force-moment can accurately predict the curvature of the bending beam. It should be noted that there exist an adhesive layer with a finite thickness between the actuator and the beam for the real applications, and this could result in a shear lag effect (Park et al., 1994) which describes the strain transfer efficiency. However, the shear lag effect for the flexoelectricity induced actuation could become much more complicated compared with the piezoelectricity case, because not only the shear stress but also the normal stress in the actuator should be considered to obtain the equilibrium equations, as shown in Figure 9 (b) and 10(b). This is not discussed in this paper, but will be studied rigorously in the future. 
Conclusions
This paper proposed three structural models to predict the deformation of different composite beams with flexoelectricity induced-curvature actuators. A pin-moment model is first developed, and then the shear force on the interface between the beam and actuator is incorporated, thus resulting into a pin-force-moment model. The Euler-Bernoulli model is also presented to verify the accuracies of the proposed models.
It is proved that the pin-force-moment model well predicts the induced-curvature of the beam over the whole range of the thickness ratio of beam and actuator, even in the small domain, which is apparently distinctive to the results predicted by the pin-moment model. The curvature results predicted by the models were further verified by the finite element analysis. A great consistency was also acquired for the pin-force-moment model. Therefore the pin-force-moment model provides an accurate and simple avenue to analyse the induced-curvature actuation of the beam structure patched with flexoelectric actuators. This could lay the theoretical basis for the implementation of flexoelectric actuators in numerous future applications, such as MEMS/NEMS, structure health monitoring, medical ultrasonic transducers, etc.
